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The Neo-Laplacian Approach to Statistical Mechanics
（統計力学の Neo-Laplace 的な雰囲気がどのようなものかをを知りたいならば、統計力学への入門を兼ねて、
例えば、長岡洋介、『統計力学』、岩波基礎物理シリーズ 7（1994）、「1 統計力学の基礎」を参照。Jaynes
の考えの情報への展開は篠本滋、『情報の統計力学』、パリティ物理学コース、丸善（1992）を参照。）

In 1859 J. C. Maxwell applied the theory of errors to the problem of finding “the average number of
particles whose velocities lie between given limits, after a great number of collisions among a great
number of particles” in his paper, “Illustrations of the Theory of Gases.”
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His conclusion was that the

velocities are distributed among the particles according to the same law as the errors are distributed and
that if the collisions are very frequent, then the law of distribution of molecular velocities will be
reestablished in an appreciably short time. This conclusion shows why “Illustrations” is considered to be
the beginning of modern statistical mechanics.
The discussions on the theory of errors started more than 100 years earlier and it was Laplace who
systematized the theory and showed how to apply it in various areas. He regarded the theory of
probability in general, and the theory of observational errors in particular, as complementary theories to
mechanics. Mechanics, for Laplace, provided an objective description of the way bodies move, while the
theory of errors is only a heuristic that we use to derive useful predictions even when observations contain
errors. Contrary to this classical view, Maxwell’s application of the theory of errors had a novel character.
With his application, probabilities became part and parcel of a science whose aim was to provide an
objective description of the properties of systems in motion.
Maxwell arrived at his derivation after reading an article by Sir John Herschel in which he reviewed the
theories of Quetelet.2 What is interesting in the review is that the deviation from some mark can be
regarded as errors, but they can also be regarded as the outcomes of a process that contains a stochastic
element. Herschel’s presentation indicates that the theory of errors may be applied even in cases where
the notion of an error does not seem to arise at all.
Maxwell concluded that the mean velocity of the particles is 2α/√p and the mean square velocity is 3
α2 /2. But he was not satisfied with this derivation. In the derivation the assumption that the knowledge of
vx should not affect the probablities of vy and vz was used. Hence in a second article (“The Dynamic
Theory of Gases”) in 1866 he attempted a second derivation of the velocity distribution.
Maxwell attempted to derive the equilibrium distribution from the following two assumptions:
1. The velocities of the colliding molecules are uncorrelated. Hence, if P(v1 , v2 ) is the probability that a
pair of colliding molecules will have, respectively, the velocities v1 and v2 , then
P(v1 , v2 ) = P(v1 )P(v2 ),
where P(v1 ), P(v2 ) are the probabilities of choosing at random a molecule with the respective velocities.
2. Let v1 , v2 be the velocities of a pair of colliding molecules before the collision and v’1 , v’2 their
velocities after the collision. Maxwell’s second assumption was that the probability that a colliding pair
will undergo the velocity change v1 , v2 → v’1 , v’2 because of the collision will be the same as the
1

Phil. Mag. 4 (19) (1860). Reprinted in The Scientific Papers of James Clerk Maxwell, ed., W. D. Niven,
Dover, 1963. p.380.
2
See Gillespie in Scientific Change, ed., A. C. Crombie, Basic Books, 1963.

2

probability of the velocity change v’1 , v’2 → v1 , v2 . That is, the “reverse” motion is as probable as the
original motion.3
From these assumptions he derived the equation
P(v1 ) = (N/α3 p 3/2 )e-(v2/ α2).
What is the status of Maxwell’s two assumptions? Behind the assumption is an idea that the positions and
velocities can be assumed to be randomized. Moreover it is assumed that the molecules will remain
randomized. But the question remains: Why are we justified in making these assumptions?
The next step in the development of the kinetic theory of gases was Boltzmann’s 1868 paper. 4 It is
important to mention that Boltzmann’s derivation started from the same assumptions that Maxwell made.
In his later writings, he became aware of the problematic status of the assumptions to which he introduced
the term Stosszahlansatz, or the assumption of molecular chaos. Throughout his life Boltzmann tried to
find a purely mechanical justification to the Stosszahlansatz.
In the same paper of 1868, Boltzmann derived the equilibrium velocity distribution with the assumption
that the gas molecules had a fixed amount of energy and looked for an expression for the number of
different ways of dividing this amount between the different molecules. The old assumptions on the
nature of the collisions were no longer necessary. They were replaced by a single purely probabilistic
assumption that all of the different possibilities were equally probable. This assumption was sufficient for
a

mathematical proof that the most probable distribution of energy corresponds to the

Maxwell-Boltzmann distribution.
Even after this combinatorial derivation, Boltzmann kept looking for a more mechanical version of the
kinetic theory of gases with the atomistic models . He defended the use of the molecular models on the
basis of the productive ideas to which it gave rise. For this form of atomism Boltzmann was criticized by
a group of physicists. They believed that science should not depend on special speculative assump tions or
on fanciful constructions of models. Another group criticized his derivation of irreversibility. (Loschmidt,
Zermelo, and Poincaré)
Gibbs reminds us that, when we calculate the value of any variable that depends on the position and
momenta of the particles of a system with many degrees of freedom, there will be a certain interval of
values [A – a, A + a] such that it is vastly probable that the system will assume values in this interval.
Very often the most probable value is the mean value. Gibbs emphasized the abstract character of this
point and presented it as an outcome of the theory of errors. He employed the theory of errors to simplify
the computations of the values of various dynamic parameters. The simplification process consisted of a
demonstration that, although in reality a variable may have infinitely many values, we may behave as if
the values were identical to the mean value. Gibbs defined the notion of an “ensamble”(a notion
introduced by Boltzmann, called “Ergode”) for the more precise setting. An ensemble is a collection of
systems of a similar kind that differ from one another in the particular values that their parameters assume.
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The “relative proportion” of systems belonging to the ensemble whose parameters lie within the various
intervals determines a density function. A normalized density function is a probability function. It assigns
numerical probabilities to the event that a randomly chosen system will assume a particular value that is
located within certain intervals for a given parameter. Maxwell calculated the velocity distribution for
systems with a fixed number of particles and a fixed energy. Boltzmann proved that the same type of
distribution is obtained in the presence of forces. Gibbs thought two additional assumptions. He argued
that (1) no real system is completely isolated, and hence we cannot expect systems to have a completely
fixed energy; and (2) in many contexts the assumption that the number of particles is fixed can be limiting.
His goal was to obtain the equilibrium distribution even when these considerations were taken into
account. Gibbs’s first step was to consider an ensemble of systems whose energy is allowed to vary. The
probability that the system will have the energy level E was taken to be proportional to e-bE , where b =
1/kT. Such an ensemble was called a canonical ensemble.
Gibbs proved that, as the number of particles grows to infinity, the canonical distribution coincides with
the Maxwell-Boltzmann distribution. (He introduced the term microcanonical distribution for this
distribution.) Then he considered an ensemble of systems with a varying number of particles. The number
of systems having N particles was assumed to be proportional to e-mN (m is the chemical potential). Such
ensembles are known as grand canonical ensembles. Again, the grand canonical distribution coincides
with the microcanonical one.
If you want to prove Gibbs’s results rigorously, then the central limit theorem is necessary. Using the
central limit theorem, Khinchin demonstrated that the details of the initial distribution of the energy
between the particles need not be taken into account.
Laplace’s view on probabilities was motivated by his determinism. The view that the state of the world
at one instance determines its state at any other moment does not leave any room for randomness,
stochastic processes, or any other objective statistical concept. Many modern thinkers begin with
Laplace’s conclusion, that is, they maintain that probabilities are subjective attitudes made because of
ignorance and are devoid of any objective meaning. One of these thinkers is E. T. Jaynes, who developed
a subjective view of statistical mechanics in his article entitled “Information Theory and Statistical
Mechanics.”5 He attempted to show that the predictive capacity of statistical mechanics is largely
independent of the deterministic character of its dynamics. To be sure, Tolman realized long before
Jaynes that the rivalry between the ergodic approach and his own had a broad methodological background.
Ter Haar was even firmer on this point when he insisted that statistical mechanics should be regarded as
an instrument for correct predictions. Jaynes, however, was the first to regard the a priori probabilities
that Tolman introduced into statistical mechanics as subjective probabilities, and he was also the first to
call the general prediction process that ter Haar described a statistical inference.6
(The predicative approach to statistical mechanics)
Tolman says:
We are now ready to begin our consideration of the statistical methods that can be
employed when we need to treat the behavior of a system concerning which condition we
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have some knowledge but enough for a complete specification of the precise state. For this
purpose we shall wish to consider the average behavior of a collection of systems of the
same structure as the one of actual interest but distributed over a range of possible states.
Using the original terminology of Gibbs we may speak of such a collection as an ensemble
of systems .7
Each member of the ensemble is represented as a phase point. Such a representation encodes for each
particle three coordinates of position and its three coordinates of momentum. Tolman says further:
It is evident that the condition of an ensemble at any time can be regarded as appropriately
specified by the density r with which representative points are distributed over the phase
space.8
When we normalize r we obtain a probability measure over the phase space. This probability function is
to be interpreted as assigning a “relative weight” to those members of the ensemble that lay in a given
infinitesmal region of the phase space at a given time. As time progresses, each member of the ensemble
follows its deterministic route and traces a trajectory in the phase space. The Gibbsian point of view
concentrates only on the way the density r changes in time, that is, on the quantity∂r/∂t. This quantity
summarizes all of the relevant dynamic factors that we need to describe how the ensemble average
changes in time.
There are two approaches that aspire to replace Gibbs’s pragmatist approach to statistical mechanics –
the ergodic approach and the predictive approach. The former is a traditional approach that attempts to
give dynamic explanation to the puzzles of statistical mechanics, and the latter is a revisionist approach,
which provides explanations that depend only on very general dynamic considerations. The main tenet of
the predictive approach is that the large number of degrees of freedom is responsible for equilibrium
phenomena. Because the change in number does not seem to bring any new physical considerations, it is
strange that similar systems that differ only in the number of their degrees of freedom have to be
distinguished by physics. Hence many physicists felt the need to present the predictive approach in a
broader methodological light. Jaynes chose subjectivism as his general methodology. He was generally
interested only in the question of prediction, not of dynamic states. Therefore, when the probabilities are
interpreted as subjective conditional probabilities, the shift from the objective dynamic questions
concerning the behavior of the system to issues concerning what an agent may predict about the system
can acquire a clearer motivation. This shift can be seen as an instance of the general subjectivist tendency
to recast scientific concepts in epistemic terms. Once the subjectivist framework is introduced, the
predictive approach seems more natural because the large number of degrees of freedom certainly affects
our ability to make predictions.
According to Jaynes, the deterministic assumptions do not play an essential role for the purposes of
prediction. This type of elimination program was advocated explicitly by de Finetti, who believed that
questions about determinism should be divorced from those concerning predictions.9
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Subjectivism and the Ergodic Approach
One of the consequences of the second law of thermodynamics is the irreversible trend toward a
maximally disordered state. From the statistical-atomistic approach, this irreversible trend is rather
puzzling. The mechanical motion of the atoms is presumed reversible; therefore, where does the
irreversibility come from? It seems that there is an essential tension between the reversible dynamics of
the molecules and the irreversible dynamics of the second law of thermodynamics. Boltzmann solved the
puzzle when he argued that the irreversible trend toward disorder, while being the most probable course
of events, is not without exceptions. And Perrin showed that the Brownian motion provides an
experimental confirmation of it, namely, the possibility of visible fluctuations from the state of maximal
disorder. 10 One of the consequences of the modern view of atomism was a reformulation of the aims and
methods of statistical mechanics. According to the modern view, the excellent agreement between the
predictions and the results of experiments is not in itself sufficient justification of the methods used in
statistical mechanics. A satisfactory foundation of statistical mechanics has been sought whereby its
methods may be seen to be extensions of exact mechanics classical or quantal. Physicists began to
attempt to demonstrate that statistical mechanics actually follows from purely mechanical principles. In
other words, the issue of reduction was introduced into the discussion.
(1)

The conceptual foundations of the statistical approach to mechanics by P. and T. Ehrenfest

The modern conception of statistical mechanics received its first definitive formulation in an article
written by Paul and Tatiana Ehrenfest in 1912. 11 The book remains one of the most influential
contributions to the literature on statistical mechanics. The first part contains a discussion of the main
contribution to statistical mechanics before the controversies of the 1880s and the 1890s. In the second
part they discuss the more sophisticated statistical formulations that ark the modern treatment of the
subject. Finally, in the third part they discuss the writings of Gibbs critically. The Conceptual
Foundations is remarkable in the painstaking attention that is paid to methodological issues, the lengthy
discussions in contains on purely mathematical points, and the deep and informed treatment of various
statistical topics. The Ehrenfest proposed a list of questions that needed answers to them.
(Questions)
1. Some physicists, for example Einstein, regarded physical probabilities as observables. This view
requires a new physical definition of probability. Einstein tried to solve the problem by defining
probabilities as time averages.
2. The second problem was the justification of the principle that equal areas in the phase space should be
regarded as equally probable. (the justification of the indifference principle)
3. Stosszahlansatz is the third problem. Even more crucial is the question of the consistency of the
Stosszahlansatz with the underlying mechanical laws.
4. The fourth problem concerns the consequences of Poincaré’s recurrence theorem or the
“Wiederkehreinwand,” as Zermelo referred to it. The theorem states that in the infinite long run it
overwhelmingly probable that mechanical systems will return arbitrarily close to their initial states. It
seems to contradict the second law of thermodynamics.
5. Loschmidt’s “Umkehreinwand” is the fifth problem. He argued that, for every mechanical path where
the entropy of the system increases, there exists a precisely opposite path where the entropy has to
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decrease. This is an immediate consequence of the reversibility of the equations of motion with respect
to the direction of time. This fact seems to contradict the second law of thermodynamics.
6. The sixth problem is a generalization of the forth and the fifth ones. It concerns the question of
whether it is possible to deduce thermodynamic laws from purely mechanical principles or to show
that there is no inconsistency between the two theories. One may generalize the problem even further
and ask whether all of the laws that express macroscopic regularities can be reduced to purely
mechanical laws.
7. The seventh problem is so-called the ergodic hypothesis.
8. Final problem is the justification of the astounding empirical success of Gibbs’s methods.
One example of a stochastic process is a coin that is tossed repeatedly. Such a process can be described
as a dynamic system in the following way:
1. As the space of states S we shall take all of the infinite sequences of heads and tails. Each sequence
…w-1 , w0 , w1 ,…is an exhaustive description of one of the possible outcomes of the infinite
coin-tossing process.
2. We shall take theσ-algebra generated by the cylindrical sets. Cylindrical sets define sets of sequences
by stipulating that their ith coordinate should have a particular value. For example, “the set of all
sequences that have heads in their 103th place” is a cylindrical set.
3. As T we may take the shift transformation. The shift is defined as T(…w-1 , w0 , w1 ,…) = …w0 , w1 ,
w2 ,… The shift assigns to every sequence a different sequence that has the same elements ordered in
the same way but parametrized differently. T can be thought of as the “unfolding in time” of a
particular sequence. The shift reveals the identity of the result of the next toss at each moment.
4. Let A∈B. For example, take
A103 = {…w-1 , w0 , w1 ,… |w103 = heads}.
The quantity m (A103 ) measures the “relative proportion” of sequences that have heads in the
103th coordinate. We say that m is stationary if it id shift -invariant, that is, if m assigns the same
probability to the event that heads appears in the 103th coordinate as it assigns to the appearance of
heads in any other coordinate. (This rationale for stationarity is unacceptable for subjectivists. For them,
the fact that the tossing mechanism remains the same is besides the point.)
5. The conditional measure m(A|A’) is interpreted as the “relative proportion” of the sequences that have
the property A among those that have the property A’. Measures for which for all A, A’∈B, m(A|A’) =
m(A) are called Bernoulli measures.
6. For the definition of an arbitrary stochastic process, replace the set {heads, tails} with a fixed partition
p 1 ,…, p n . The assumption is that at each moment exactly one of the p i will happen.
7. The trajectory OT(s) = …T-1 (s), s, T(s),… of an element of a stochastic process that is shifted is the
infinite sequence infinite sequences (…w-1 , w0 , w1 ,…), (…w0 , w1 , w2 ,…),…, (…wn , wn+1 ,
wn+2 ,…),…The time average OT(s, A103 ) is the measure of the relative frequency of the sequences in
OT(s) that have heads in the 103th coordinate. Note that OT(s, A103 ) = OT(s, A102 ) because OT(s) has
the same set of sequences but whose coordinates were shifted to the left.
8. Ergodicity in the shift space means that the “future” coordinates of a sequence are asymptotic
independent of the present coordinates. Therefore, Bernoulli measures are clearly ergodic, because
independence implies asymptotic independence.

